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In this note, we consider a one-dimensional bipolar Euler–Poisson system (hydrodynamic
model). This system takes the form of Euler–Poisson with electric ﬁeld and frictional
damping added to the momentum equations. When n+ = n−, paper [I. Gasser, L. Hsiao,
H.-L. Li, Large time behavior of solutions of the bipolar hydrodynamical model for
semiconductors, J. Differential Equations 192 (2003) 326–359] discussed the asymptotic
behavior of small smooth solutions to the Cauchy problem of the one-dimensional bipolar
Euler–Poisson system. Subsequent to [I. Gasser, L. Hsiao, H.-L. Li, Large time behavior of
solutions of the bipolar hydrodynamical model for semiconductors, J. Differential Equations
192 (2003) 326–359], we investigate the asymptotic behavior of solutions to the Cauchy
problem with n+ = n− = n¯, and obtain the optimal convergence rate toward the constant
state (n¯,0, n¯,0). We accomplish the proofs by energy estimates and the decay rates of
fundamental solutions of the heat-type equations.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In this note, we consider a bipolar hydrodynamic model in one space dimension. Denoting by ni , ji , Pi(ni), i = 1,2,
and E the charge densities, current densities, pressures and electric ﬁeld, the scaled equations of the bipolar hydrodynamic
model (see [4,10,13]) are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩








= n1E − j1
τ1
,








= −n2E − j2
τ2
,
λ2Ex = n1 − n2,
(1.1)
where x ∈R and t  0. The nonlinear terms P1(n1) and P2(n2) are assumed to be
P1(n1) = nγ1 for n1 > 0, γ  1, P2(n2) = nγ2 for n2 > 0, γ  1. (1.2)
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terms describe in a very rough manner the damping effect of a possible neutral background charge. The Debye length is
related to the Coulomb screening of the charged particles.
Recently, many efforts were made for the bipolar isentropic hydrodynamic equations of semiconductors. More precisely,
Natalini [11], and Hsiao and Zhang [5,6] established the global entropic weak solutions in the framework of compensated
compactness on the whole real line and spatial bounded domain, respectively. Hattori and Zhu [14] proved the stability of
steady-state solutions for a recombined bipolar hydrodynamical model. Paper [1] studied the global smooth solutions for
multi-dimensional hydrodynamic models for two-carrier plasma. The authors studied the relaxation time limit of the weak
solutions and local smooth solutions for Cauchy problems to the bipolar isentropic hydrodynamic models in [7] and in [8],
respectively. Paper [3] discussed the relaxation limit, quasineutral limit and the combined limit for the bipolar Euler–Poisson
system. Gasser, Hsiao and Li [2] investigated the large-time behavior of solutions of the bipolar model based on the fact
that the frictional damping will cause the nonlinear diffusive phenomena of hyperbolic waves.
To begin with, we assume in the present paper that the pressure-density functions satisfy
P1(n) = P2(n) = nγ , 1 γ < 3,
and set τ1, τ2 and λ to be one for simplicity. In particular, we note that γ = 1 is an important case in the applications of
engineer. Hence, (1.1) can be simpliﬁes as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩








= n1E − j1,








= −n2E − j2,
Ex = n1 − n2.
(1.3)
We now prescribe initial conditions
n1(t = 0, x) = n10(x) 0, n2(t = 0, x) = n20(x) 0,
( j1, j2)(t = 0, x) = ( j10, j20)(x), (1.4)
such that
(n10, j10,n20, j20)(x) → (n±, j1±,n±, j2±) as x → ±∞, (1.5)
satisfying
n+ = n− = n¯, j1+ = j1− = j2+ = j2− = 0. (1.6)
In paper [2], authors discussed the asymptotic behavior of solutions to the Cauchy problem (1.3)–(1.5) with n+ = n− . Here,
we consider the case n+ = n− = n¯. Moreover, the assumption j1+ = j1− = j2+ = j2− = 0 can be removed in a way similar
to the argument for one-dimensional problem because of the exponential decay of the momentum at x = ±∞ induced by
the linear frictional damping.
Now we state our main results in the following.
Theorem 1.1. Suppose E(−∞, t) = 0 and ‖(n10 − n¯,n20 − n¯)‖H4(R) + ‖( j10, j20)‖H3(R) are suﬃciently small. Then, there exists
a unique time-global solution (n1, j1,n2, j2) of the problem (1.3) and (1.4)–(1.6), which satisﬁes
n1 − n¯, j2,n2 − n¯, j2 ∈ W i,∞




(1+ t)k∥∥∂kx (n1 − n¯,n2 − n¯)∥∥2 +
2∑
k=0







(1+ t)i−1∥∥∂ ix(n1 − n¯,n2 − n¯)∥∥2 +
2∑
j=0




(∥∥(n10 − n¯,n20 − n¯)∥∥2H4(R) + ∥∥( j10, j20)∥∥2H3(R)).
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However, this decay rate is not optimal. Using Green’s function arguments as in [12], we can obtain the optimal rate as
follows.
Theorem 1.2. Suppose E(−∞, t) = 0 and ‖(n10 − n¯,n20 − n¯)‖H3(R) + ‖( j10, j20)‖H2(R) are suﬃciently small and (n10 − n¯, j10,
n20 − n¯, j20) ∈ L1(R). Then, the time-global solution (n1, j1,n2, j2) of the problem (1.3) and (1.4)–(1.6) satisﬁes the following decay
rate: ∥∥(n1 − n¯,n2 − n¯)∥∥L∞(R) = O (t−1), (1.7)∥∥( j1(t), j2(t))∥∥L∞(R) = O (t− 32 ). (1.8)
Remark 1.3. The system for hydrodynamic model (1.3) is like the compressible equations with damping in some sense if
we let E = 0 and neglect the ﬁfth equation of (1.3). Thus Theorems 1.1–1.2 indicate that the coupling and cancellation
interaction between n1 and n2, and the additional electric ﬁeld E , have not effected the large-time behavior and decay rate
of the smooth solutions for the bipolar Euler–Poisson system.
The rest of this paper is outlined as follows. In Section 2, we reformulate our problem in terms of the perturbed variables.
Section 3 is used to prove main results. That is, we obtain the large-time asymptotic behavior and optimal convergence rate
by an energy method and Duhamel principle.
2. Reformulation of the original problem
In this section we reformulate the problem (1.3) and (1.4)–(1.6). Setting the perturbation
(ϕ1, j1,ϕ2, j2)(x, t) =
( x∫
−∞
(n1 − n¯)dy, z1,
x∫
−∞
(n2 − n¯)dy, z2
)
(x, t),
together with (1.3) and (1.4)–(1.6), we have the reformulated problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩




n¯ + ϕ1x + P (n¯ + ϕ1x)
)
x
= (n¯ + ϕ1x)E − z1,




n¯ + ϕ2x + P (n¯ + ϕ2x)
)
x
= −(n¯ + ϕ2x)E − z2,





P ′(n¯ + ϕ1x) − P ′(n¯)
)
x + ϕ1t + n¯(ϕ1 − ϕ2) = f1, (2.2)
ϕ2tt −
(
P ′(n¯ + ϕ2x) − P ′(n¯)
)















+ ϕ2x(ϕ1 − ϕ2).
The corresponding initial data for (ϕ1, z1,ϕ2, z2) are
(ϕ10, z10,ϕ20, z20) =
( x∫
−∞
(n10 − n¯)dy, j10,
x∫
−∞
(n20 − n¯)dy, j20
)
. (2.4)
Now, we are going to state our main results on the new variables (ϕ1, z1,ϕ2, z2) as follows:
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time-global solution (ϕ1, z1,ϕ2, z2) of (2.1) and (2.4), which satisﬁes
ϕ1,ϕ2 ∈ W i,∞




(1+ t)k∥∥∂kx (ϕ1,ϕ2)∥∥2 +
2∑
k=0







(1+ t) j−1∥∥∂ jx (ϕ1,ϕ2)∥∥2 + 2∑
j=0




(∥∥(ϕ10,ϕ20)∥∥2H3(R) + ∥∥(z10, z20)∥∥2H2(R)). (2.5)
Moreover, we can show that ϕ1tt and ϕ2tt tend to zero fast as t tends to inﬁnity, see Lemma 3.5. On the other hand,
from (2.2) and (2.3), we obtain the following linearized equations for ϕ1 + ϕ2 and ϕ1 − ϕ2:
(ϕ1 + ϕ2)tt − P ′(n¯)(ϕ1 + ϕ2)xx + (ϕ1 + ϕ2)t = F1, (2.6)























+ (ϕ1 − ϕ2)x(ϕ1 − ϕ2) := F11 + F12 + F13 + F14,
F2 = −
(



















+ (ϕ1 + ϕ2)x(ϕ1 − ϕ2) := F21 + F22 + F23.
The corresponding initial data are
(ϕ1 + ϕ2)(x,0) = (ϕ10 + ϕ20)(x), (ϕ1t + ϕ2t)(x,0) = −(z10 + z20)(x),
(ϕ1 − ϕ2)(x,0) = (ϕ10 − ϕ20)(x), (ϕ1t − ϕ2t)(x,0) = −(z10 − z20)(x). (2.8)
Due to this fact, the expression
(ϕ1 + ϕ2)(x, t) =
∫
R





E1(x− y, t − τ )(ϕ1tt + ϕ2tt + F1)(y, τ )dy dτ ,
(ϕ1 − ϕ2)(x, t) =
∫
R





E2(x− y, t − τ )(ϕ1tt − ϕ2tt + F2)(y, τ )dy dτ
yields the following theorem, where E1 is the standard heat kernel, i.e., E1(x, t) = 1/
√−4π p′(n¯)t × exp{x2/(4p′(n¯)t)}, while
E2(x, t) is the heat-kernel type function, and E1(x, t) and E2(x, t) have same decay structures.
Theorem 2.2. Suppose ‖(ϕ10,ϕ20)‖H3(R) + ‖(z10, z20)‖H2(R) are suﬃciently small and (ϕ10, z10,ϕ20, z20) ∈ L1(R). Then, the time-
global solution (ϕ1, z1,ϕ2, z2) of (2.1) and (2.4) satisﬁes the following decay rate:∥∥(ϕ1x,ϕ2x)∥∥L∞(R) = O (t−1), (2.9)∥∥(z1(t), z2(t))∥∥L∞(R) = O (t− 32 ). (2.10)
From Theorems 2.1 and 2.2, we can directly show Theorems 1.1 and 1.2.
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In this section, we ﬁrst denote ourselves to the estimate of the solution (ϕ1, z1,ϕ2, z2)(x, t), 0< t < T , of (2.5) under the
a priori assumption:





(1+ t)k∥∥(∂kxϕ1, ∂kxϕ2)∥∥2 +
2∑
k=0
(1+ t)k+2∥∥(∂kx z1, ∂kx z2)∥∥2
}
 ε
(0< ε 	 1). For the local existence theorem, we can see [9].
The estimate will be given by a series of lemmas.
Multiplying (2.2) and (2.3) by ϕ1t + λϕ1 and ϕ2t + λϕ2 (0< λ 1), respectively, and integrate them to obtain
∥∥ϕ1(t)∥∥21 + ∥∥ϕ1t(t)∥∥2 +
t∫
0





(n¯ + ϕ1x)E(ϕ1t + λϕ1)dxdτ
 C





f1x(ϕ1t + λϕ1)dxdτ , (3.1)
and
∥∥ϕ2(t)∥∥21 + ∥∥ϕ2t(t)∥∥2 +
t∫
0





(n¯ + ϕ2x)E(ϕ2t + λϕ1)dxdτ
 C





f2x(ϕ2t + λϕ2)dxdτ . (3.2)
From Cauchy–Schwarz’s inequality, we have∫
R
(












































































































































1x dx+ CN(T )
∫ (
ϕ21x + ϕ22x + ϕ21t + ϕ22t
)
dx, (3.4)R R R
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|ϕitt | C
(|ϕixx| + |ϕitx| + |ϕix| + |ϕit | + |ϕi|), i = 1,2.
























E2 + ϕ21x + ϕ22x + ϕ21t + ϕ22t
)
dx. (3.5)
Inserting the above inequalities into (3.1) and (3.2), one has ﬁrst lemma.
Lemma 3.1. If N(T ) ε, then





(∥∥(ϕ10,ϕ20)∥∥21 + ∥∥(E0,ϕ11,ϕ21)∥∥2). (3.6)

























































(1+ t) f2xϕ2t dx,
moreover, similar to (3.4)–(3.5)∫
R
(1+ t) f1xϕ1t dx+
∫
R
(1+ t) f2xϕ2t dx CN(T )
∫
R
(1+ t)(ϕ21x + ϕ22x + ϕ21t + ϕ22t)dx,
and ∫
R
(n¯ + ϕ1x)(1+ t)Eϕ1t dx−
∫
R












E2 dx− CN(T )
∫
R
(1+ t)(ϕ21x + ϕ22x + ϕ21t + ϕ22t)dx.
Hence, we obtain
Lemma 3.2. If N(T ) ε, then
(1+ t)(∥∥(ϕ1x,ϕ2x)∥∥2 + ∥∥(ϕ1t,ϕ2t, E)∥∥2)+
t∫
0
(1+ τ )∥∥(ϕ1t,ϕ2t, E)∥∥2 dτ
 CN(T )
(∥∥(ϕ10,ϕ20)∥∥21 + ∥∥(E0,ϕ11,ϕ21)∥∥2). (3.7)
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Lemma 3.3. If N(T ) ε, then




(1+ τ )∥∥(ϕ1xx,ϕ2xx)∥∥2 + (1+ τ )2∥∥(ϕ1tx,ϕ2tx, Ex)∥∥2)dτ
 CN(T )
(∥∥(ϕ10,ϕ20)∥∥21 + ∥∥(E0,ϕ11,ϕ21)∥∥2), (3.8)
and
Lemma 3.4. If N(T ) ε, then





(1+ τ )2∥∥(ϕ1xxx,ϕ2xxx)∥∥2 + (1+ τ )3∥∥(ϕ1txx,ϕ2txx, Exx)∥∥2)dτ
 CN(T )
(∥∥(ϕ10,ϕ20)∥∥21 + ∥∥(E0,ϕ11,ϕ21)∥∥2). (3.9)
Proof of Theorem 2.1. Combining Lemmas 3.2–3.4, we can obtain (2.5). Using standard continuity argument and (2.5), we
can complete the proof. 
In the following we focus on zi = ϕit (i = 1,2). That is, we consider
ϕ1ttt − P ′(n¯)ϕ1txx + ϕ1tt + n¯Et = F1t, (3.10)
ϕ2ttt − P ′(n¯)ϕ2txx + ϕ2tt − n¯Et = F2t, (3.11)
in a completely same way, we can show the following three lemmas.
Lemma 3.5. If N(T ) ε, then





(1+ τ )2∥∥(ϕ1tx,ϕ2tx)(τ )∥∥2 + (1+ τ )3∥∥(ϕ1tt,ϕ2tt)(τ )∥∥2)dτ
 C
(∥∥(ϕ10,ϕ20)∥∥22 + ∥∥(ϕ11,ϕ21)∥∥21). (3.12)
Lemma 3.6. If N(T ) ε, then





(1+ τ )3∥∥(ϕ1txx,ϕ2txx)(τ )∥∥2 + (1+ τ )4∥∥(ϕ1xtt,ϕ2xtt)(τ )∥∥2)dτ
 C
(∥∥(ϕ10,ϕ20)∥∥22 + ∥∥(ϕ11,ϕ21)∥∥21). (3.13)
Lemma 3.7. If N(T ) ε, then
(1+ t)5(∥∥(ϕ1ttt ,ϕ2ttt)(t)∥∥2 + ∥∥(ϕ1xtt,ϕ2xtt)(t)∥∥2)+
t∫
0
(1+ τ )5∥∥(ϕ1ttt ,ϕ2ttt)(τ )∥∥2 dτ
 C
(∥∥(ϕ10,ϕ20)∥∥23 + ∥∥(ϕ11,ϕ21)∥∥22).
Moreover, similar to [2], we can obtain
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‖ϕ1 − ϕ2‖H2(R)  Ce−αδ. (3.14)
Proof of Theorem 2.2. Since ϕ1,ϕ2 ∈ W i,∞([0,∞); H3−i(R)), i = 0,1,2,3, the expression (2.6)
(ϕ1 + ϕ2)tt − P ′(n¯)(ϕ1 + ϕ2)xx + (ϕ1 + ϕ2)t = F1
is valid. Hence, we have
(ϕ1 + ϕ2)x(x, t) =
∫
R























E1x(x− y, t − τ )F1(y, τ )dy dτ
≡ I + (II1 + II2) + (III1 + III2). (3.15)
By ϕ10,ϕ20 ∈ L1(R), it is easy to see
|I| Ct−1.
















(t − τ )−1/4(1+ τ )−2 dτ  Ct−5/4.
On the other hand, since
|F1x| ∼ O













∥∥E1(·, t − τ )∥∥(‖ϕ1xt‖3/2‖ϕ1xxt‖1/2 + ‖ϕ1x‖1/2‖ϕ1xx‖1/2‖ϕ1xxx‖ + ‖ϕ1xx‖3/2‖ϕ1xxx‖1/2
+ ‖ϕ1t‖1/2‖ϕ1tx‖1/2
∥∥ϕ1txx + ‖ϕ2xt‖3/2‖ϕ2xxt‖1/2∥∥+ ‖ϕ2x‖1/2‖ϕ2xx‖1/2‖ϕ2xxx‖






(t − τ )−1/4(1+ τ )−9/4 dτ  Ct−3/2,
with the help of (3.14). For II1, we integrate by parts in x and t to obtain
















































)∥∥∥∥+ ∥∥Gx(·, t)∥∥L∞‖ϕ11‖L1 +
t/2∫
0
(t − τ )−5/4(1+ τ )−3/2 dτ
)
 Ct−1.







E1xx(x− y, t − τ )
(







(t − τ )−3/2(ϕ21x + ϕ21t + ϕ22x + ϕ22t + ϕ21 + ϕ22)dτ
 Ct−3/2.
Putting the above inequalities into (3.15), we can obtain
sup
R
∣∣(ϕ1x + ϕ2x)(x, t)∣∣ Ct−1. (3.16)
Next, we estimate supR|(z1 + z2)(x, t)| in a similar fashion to the above. From (2.6), we have
(ϕ1 + ϕ2)t(x, t) =
∫
R





E1t(x− y, t − τ )(ϕ1tt + ϕ2tt)(y, τ )dτ
−
(



















E1t(x− y, t − τ )F1(y, τ )dy dτ
)
≡ IV + V1 + V2 + VI1 + VI2. (3.17)
It is easy to show
|IV| Ct−3/2‖ϕ10‖L1(R).

























t−1/4−3/2 + t−5/2+3/4)= Ct−7/4.
We again use the integration by parts in τ for V1 to obtain





















)∥∥∥∥+ ∥∥E1t(·, t)∥∥L∞‖z10‖L1 +
t/2∫
0




t−5/4−1 + t−3/2 + t−9/4 log(1+ t)) Ct−3/2.
Similar to V1, V2 and using (3.14), we have
|VI1| Ct−2, |VI2| Ct−2.
Inserting above four inequalities into (3.17), we have the desired rate
sup
R
∣∣(z1 + z2)(x, t)∣∣= sup
R
∣∣(ϕ1t + ϕ2t)(x, t)∣∣ Ct−3/2. (3.18)
On the other hand, treating (2.7) and noting (3.14), we have
sup
R




∣∣(z1 − z2)(x, t)∣∣= sup
R
∣∣(ϕ1t − ϕ2t)(x, t)∣∣ Ct−3/2. (3.20)
Combining (3.16) and (3.18)–(3.20), and applying the triangle inequality, we obtain (2.9) and (2.10). 
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